Abstract-In this paper, a mixed-integer linear programming model is proposed to optimize hybrid electric vehicle (HEV) navigation modes on the city map, namely the problem of the optimal selection of navigation modes (OSNMs). The OSNMs problem of the HEV as part of the operating strategy is obtained considering a constraint set related to CO 2 emissions reduction, efficient battery charging, and the optimal scheduling of deliveries. Uncertainties in the HEV navigation on urban roads are modeled using probability values assigned to an established set of traffic density values according to the levels of service. The model is implemented in a mathematical programming language (AMPL) and solved using the commercial solver CPLEX. The case study considers real data related to the Prius Prime technology and shows the effectiveness of automating the HEV navigation modes considering CO 2 emissions reduction levels during an operating strategy.
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NOMENCLATURE

Sets
Ω i
Set of intersections i.
Ω ur
Set of urban roads ki. Ω D Set of density values u.
Parameters au Autonomy (km). d ki
Length of urban road ki (km).
D ki
Traffic density in each urban road ki (veh/km).
D u
Value of the traffic density of element u (veh/km).
D J
Saturation density (veh/km). D 0 Optimal density related to F m ax (veh/km). E C O 2 CO 2 emissions (gCO 2 /km). 
I. INTRODUCTION
T HE hybrid electric vehicle (HEV) represents an efficient and viable means of transportation that may help to reduce CO 2 emissions during navigation, ensuring the optimal energy management in future smart cities [1] . Basically, an HEV has two navigation modes, namely, charge-sustaining mode (SM) in which the HEV consumes fuel, and charge-depleting mode (DM) where the HEV uses its battery, which determine the energy state of the battery and the locomotion system [2] . In the service sector, several applications for HEVs exist, mainly for emergency and delivery services [3] , [4] . In the performance of HEVs during operation, traffic information (flow and density of traffic) along a given period and the uncertainties for each type of service should be considered [5] . Thus, to take full advantage of the potential of each HEV, the development of an operational strategy is essential. An appropriate selection of the navigation mode (SM or DM), efficient battery recharge, and optimal scheduling of deliveries should be considered as part of this strategy [4] , [6] . Therefore, this paper aims at developing an intelligent tool to ensure the optimal selection of navigation modes (OSNMs) of HEVs considering time constraints, speed limits on urban roads, and energy requirements of the HEVs for different levels of CO 2 emissions reduction.
In literature, most of the studies only address economic issues, and works related to the optimal performance of HEVs that specifically consider the navigation modes on urban roads during operation (deliveries to the specified points) on a city map taking into account environmental issues are scarce. In [1] , a predictive control model of the torque and speed of an HEV to manage the energy consumption during the trip was developed. In [2] , another approach aimed at minimizing the fuel consumption based on the selection of appropriate driving modes was presented. In this approach, the trip information integrated into path planning, and charging stations was used to analyze the Chevrolet Volt performance, while ignoring the impact of extra hours, as well as the distances traveled in each driving mode during the operation. An engine management strategy to control the pollutant effect of CO 2 emissions on pedestrians along a specified route was developed in [3] . This strategy was used for testing the Toyota Prius performance in four prespecified routes on the city map; while in the city area, there were no charging points along the routes, all the routes presented the same starting points, and the arrival points did not have any connection. In [4] , an MILP model was proposed to minimize the extra hours and maintenance costs while making a set of prespecified deliveries on a city map. This model was used to evaluate the performance of a fleet of EVs considering the fast and ultrafast charging rates during operation. A multi-objective model to find the optimal charging and navigation strategy considering the traffic congestion, power network operation, and the number of charging stations at each node was developed in [6] . In [7] , a proper framework was proposed for plug-in HEVs to optimally allocate the limited charging stations among metropolitan areas via adequate interactions among public charging availability, electricity prices, and destination and route choices. Maximizing social welfare was the primary goal of this work, where an active-set algorithm along with a nonlinear commercial solver was used to solve the model. A solid framework was proposed in [8] , wherein the transportation and electric power networks were considered simultaneously. In this paper, a convex model was developed to handle the joint consideration of rational route choices, fast charging stations, and marginal electricity pricing. The path planning problem for the HEVs considering two aspects of energy usage and battery was proposed in [9] , [10] . Similarly, another model aimed at evaluating the performance of HEVs concerning the internal combustion engine vehicle (ICE) was developed in [11] . Furthermore, in some works, the charging of HEVs at specific points located along the main path was considered while taking into account traffic flow information for the assignment of HEVs to the charging points. Charging strategies were developed in [12] - [14] , aimed at minimizing the charging costs of EVs, and establishing the policies to determine the optimal scheduling considering historical trip data. Also, some works aimed at minimizing emissions and fuel costs, via dynamic programming (DP), sustainable transportation models, and predictive strategies were proposed in [15] - [18] . In [19] , [20] two algorithms for optimal control and fuel cost minimization considering drivability of the HEVs were developed. In [21] , an online energy management model that used the speed profile prediction and multiple trips of varying length with onboard trip information aimed at obtaining an estimated fuel savings was proposed. Similarly, a stochastic model of [21] for HEVs with specified routes was solved in [22] . In this work, a time-varying scaling method to generate fixed-route driving data was used. A pseudospectral algorithm was developed in [23] to optimize the HEV power management. The charging rate profile in the powertrain of the HEVs, as well as the maximum demand, power grid limits, and driver satisfaction were considered in [24] . A DP algorithm was used in [25] to minimize the equivalent fuel consumption considering the optimal shift scheduling and energy management mode of HEVs during a driving cycle.
The navigation system information (GPS/GIS) allows us to determine a control strategy between engines and batteries to find the optimal power flow in powertrain operation for a full cycle. Moreover, traditional optimization methods are not robust enough to face dynamic changes, and usually, a complete restart must be provided to obtain a feasible solution (e.g., DP). In contrast, evolutionary algorithms are used in such changing circumstances. However, none of them can guarantee finding the optimal global solution [26] . On the whole, to address the existing drawbacks and shortcomings in the navigation sector, a smart management system may play a vital role.
This paper proposes an MILP model to find the OSNMs (SM and DM) of an HEV during its operation on the city map by minimizing the maintenance and extra hour costs. In the proposed model, reducing CO 2 emissions, efficient battery charging, and optimal scheduling of deliveries constitute the operating strategy to ensure the OSNMs of the HEV. Thus, constraints related to the set of possible routes for deliveries, battery capacity, speed variation, charging and discharging efficiencies, as well as the levels of CO 2 emissions reduction, are considered. An iterative process is used to evaluate the OSNMs of the HEV for all possible operation strategies. Uncertainties in the HEV navigation on the city map, which are the result of traffic density variation, are modeled using probability values related to the levels of service (LOS). The city map is modeled as a graph with 71 nodes (intersections) and 131 edges (main and secondary roads). The case study that considers data of the real Prius Prime technology shows promising results on how to automate the selection of the navigation modes of this hybrid technology. The proposed model is implemented in the a mathematical programming language (AMPL) language and the commercial solver CPLEX is used to find the optimals solution.
This paper extends the proposed model in [4] that is solely related to the battery electric vehicle (BEV) performance during navigation on the city map. Thus, driving of EVs in full electric mode represents only a part of the EVs navigation modes. Therefore, a more complete model should consider the main navigation modes such as SM and DM.
In this way, the proposed model considers these navigation modes of the HEVs, as well as their optimal selection during the trip along urban roads, taking into account the levels of CO 2 emissions reduction, among other features shown in Table I . Therefore, the main contributions of this paper are threefold:
r Proposing an MILP model for the OSNMs of an HEV during operation considering CO 2 emissions reduction levels with an efficient computational behavior using conventional MILP solvers. r The optimization model is flexible and guarantees the OSNMs of the HEVs considering all possible operation strategies so that they can be charged at charging points on the city map. r From a sustainable perspective, the application of an intelligent tool contributes to fuel consumption economy as well as to the minimization of pollutants. The rest of this paper is organized as follows. Section II presents the hypotheses and uncertainties in the navigation. The proposed MINLP model and the linearization process to obtain the MILP model are presented in Section III. Section IV contains the case study and results. Section V presents the conclusions.
II. MATHEMATICAL MODELING
This section contains the hypotheses related to the charging infrastructure, delivery points, and the uncertainties represented by the speed variation as a function of traffic density.
A. Hypotheses
To obtain more practical results, the following hypotheses are used to solve the problem [5] , [27]- [32] .
1. Charging infrastructure exists on the city map. The charging stations have been optimally placed in the electric power distribution network. 2. Locations of the charging and delivery points on the city map are known. 3. A single point, namely warehouse, represents the departure and arrival points of the HEV. 4. Speed variations depend on the uncertainties in traffic density. 5. Traffic density values for each type of urban road are calculated only once and represent part of the input data to the MILP model.
B. Modeling of Charging Infrastructure and Delivery Points
In this section, the location of the charging and delivery points is modeled as in [4] . Urban road ki is differentiated by t ur ki , which characterizes a main or a secondary urban road on the city map [33] . Fig. 1 shows the number of charging points (in gray squares) located (r and d+1, respectively. The locations of charging and delivery points, and the warehouse are available in [34] .
C. Uncertainties Simulation
Traffic density variation represents the uncertainties in the navigation of the HEVs. This variation in the number of vehicles per kilometer of road ki determines the speed of navigation of the HEVs on this [4] , [5] .
The shape of the speed-density curve, as well as its main parameters, are shown in Fig. 2 (a) . Similarly, in Fig. 2 (b) the curves considered for representing the speed variation on main and secondary urban roads are shown. These curves are defined by (1)-(3) [35] .v
Due to (1), curvev ki is inversely proportional to D ki , and point (D o , v o ) determines the maximum capacity of traffic flow, F m ax , related to urban road ki, as seen in Fig. 2(a) . In Fig. 2 (b) , the speed-density curves, related to the secondary (t ur ki = 0) and main (t ur ki = 1) roads are depicted in blue and red, respectively. To simulate the uncertainties during the operation of the HEV, the density variation interval (enclosed in dashed lines) shown in Fig. 2 (b) is considered. In this interval, traffic densities are differentiated by letters A-C named LOS [5] , [35] , where A indicates a low traffic density, B stands for speed restricted by traffic, and C represents speed limited by a high traffic density. Because the traffic density is stochastic, uncertainty should be taken into account. In this work, stochasticity is handled externally, using random numbers. Thus, traffic density values, D u , are assigned to the main and secondary urban roads through the probability values P m r u and P sr u for the main and secondary roads, respectively [34] .
To represent the influence of the uncertainties related to the traffic density during operation of the HEV, the proposed simulation algorithm is portrayed in Fig. 3 
III. PROPOSED MODEL
The proposed model is formulated initially as an MINLP problem, (4)- (25) .
The total costs related to extra hours and maintenance costs for the HEV are minimized in (4). Thus, the objective function in (4) has two components. The first one is related to the optimization of the delay times. The extra hours in this term, Δτ , are the result of speed variation or waiting times due to the traffic density, or the delay time during the HEV battery charging process. A detailed explanation related to the calculation of extra hours is provided in (11) . Because traffic density is a stochastic phenomenon, this component has a greater influence on the minimization of the HEV charging times. Therefore, this first component allows for an implicit minimization of the HEV's battery charging costs considering the case in which the extra hours, Δτ , are also influenced by the time delay generated as a part of the total time of recharges made by the HEV, the second term on the left side of the constraint. 
Constraints (5)- (11) are related to determining the optimal scheduling of deliveries d to be done by the HEV. Constraint (5) is used to obtain the shortest urban road d ij to be traveled, from intersection i (t The sum of these times should not exceed the maximum limit, τ m ax . In case this limit is exceeded, there will be Δτ extra hours during the HEV operation and, since there is a corresponding penalty to this term in the objective function, (4), the model tries to keep it as low as possible.
The constraints related to the efficient battery charging of the HEVs are determined by (12)- (21) . In (12) , the initial state of charge, SOC 0 , at intersection i (t 
In (17) 
Constraint (19) guarantees that no charge is necessary at the starting intersection i (t 
Constraints related to CO 2 emissions reduction levels are established in (22)- (25) . In (22) , the sum of the lengths of urban road ki for delivery d that is traveled in DM (d
d,k i ) must be equal to the length of the urban road to be traveled (d ki ) for delivery d and each urban road ki. In constraints (23) and (24), the non-negativity of these lengths is guaranteed.
The relationship between the kilometers traveled in SM, d 
A. Linearization
In the proposed model, the Big-M method is used to linearize non-linear constraints (8) , (11), (17) and (20), [26] , [36] . To linearize constraint (8), n d,k i is discretized with N P binary  variables α d,k i,t in (26.b) and used in (26.a) . Also, the linearization technique in [4] is used in (26.c)-(26.d) .
Constraint (17) is replaced with (27.a) and the set of linear constraints (27.b)-(27.e) is considered.
In the linearization of (20), constraints (28.a)-(28.c) are used.
By linearizing (8) and (20), expression (11) is recast to (29) .
B. MILP Model
The MILP model of OSNMs of the HEV considering CO 2 emissions reduction levels is as follows:
min (4) s. t. : (5)- (7), (9), (10), (12)- (16), (18), (19), (21)- (25), (26)- (29) IV. CASE STUDY AND RESULTS
To evaluate the proposed MILP model, the system presented in Fig. 1 is used. Also,v ki is calculated by the algorithm shown in Fig. 3 . The main features of the HEV can be found in [37] - [39] value of δ D for the HEV is 0.8 (the difference between 0.9 and 0.1) times K E divided by au. The initial state of charge of the HEV battery is equal to K E , arriving at the warehouse with a value of δ P E of 0.85. In addition, the HEV starts with K C = 40 L and the fuel price is $3.65 per L [40] . To implement and solve the proposed model, AMPL [41] and the commercial solver CPLEX [42] are used, respectively. The total CPU time to find the global solution by the proposed algorithm using a 2.67-GHz computer with 3 GB of RAM is about 45.3 seconds. For each charging point, the value of P ch , as well as τ ch and τ ch , are considered to be 10 kW, and 0.3 h and 0.5 h, respectively [4] , [25] The values of η rE and η dE are 0.98 and 1.00, [2] , [24] For the MILP model, 5 emissions reduction levels, ρ C , are used; the values of ρ C for these levels are 10%, 20%, 30%, 40% and 50%, respectively. The coefficients related to maintenance costs, δ km , and extra hour costs, δ hx , presented in (4), are assumed to be set at within ratios 1 and 100, respectively, considering a greater weight for the extra hour coefficient. In the operation of the HEV, τ m ax is 8 h (habitual working hours) [43] . In addition, Δt is 0.1 h, and the total number of periods, N P , for each urban road ki to be traveled for delivery d is 10. All possible strategies to reach the delivery points, N d , are available in [34] . For all possible strategies the HEV departs from and arrives at the warehouse, intersection 35. Thus, the matrix MR r,d for each possible strategy r and delivery d is obtained and used as input data of the flowchart shown below. After considering all possible routes, two representatives for the operating strategies, namely the best and the worst routes, are selected. The selection is due to the corresponding objective values, the values of the total navigated length and the extra hours, during the operation. Both routes are obtained for each emissions level, ρ C . Figs. 5 (a)-(b) show the routes of the best (red) and worst (blue) operating strategies. In Fig. 5 (a) the best strategy is represented by route 1 (278 km), and deliveries are at intersections 66, 49, 18, 7, with a return to 35. The worst strategy is represented by route 15 (366 km) as shown in Fig. 5  (b) . The charging points (gray squares) present at intersection i (r s i = 1) on each urban road ki to be traveled during navigation of the HEV are also shown for both strategies. The effect of different emission levels in extra hours is presented in Table II . It can be seen that, although increasing the emission levels increases the extra hours, the route remains the same. Table III shows each urban road ki to be traveled for each delivery d and return to the warehouse. The direction of traffic, as well as the route chosen, have a strong influence on determining the shortest route of the HEV. that considers reaching the delivery points and return to the warehouse (represented in Fig. 6 (b) by letters D1, D2, D3, D4, and R, respectively). Moreover, urban roads with speed peaks (about 50 km/h) nearv ki indicate the presence of a lower traffic density during navigation of the HEV.
In Fig. 6 (b) red and green bars represent the values related to the kilometers traveled by the HEV in SM and DM, respectively. These bars are categorized into five groups and each group represents a ρ C level. For each value of ρ C , the kilometers traveled by the HEV are optimized so that at each emissions level the total number of kilometers traveled by the HEV in SM is reduced and, as a consequence, the optimal use of its battery is achieved for each delivery and return. Figs. 8 (a)-(e) show the SOC profiles of the HEV for each ρ C value. In these figures, green and red bars represent the SOC values when the HEV battery is efficiently used (DM) and when it is consuming fuel (SM), respectively. The SOC of the HEV in SM has two forms. In the first one, the HEV battery presents an SOC with a constant value for the set of bars in red, as shown in Fig. 8 (a) , where, after battery usage (green bars), the SOC remains constant at 8 kWh (first set of red bars), and then this value is reduced to approximately 7.2 kWh (second set of red bars). The second form shows the HEV battery with SOC values near zero (Figs. 8 (b) and 8 (d) ) or fully discharged, as shown in Figs. 8 (c)-(e) . The efficient use of the HEV battery is more Table IV indicates the order of the points visited during HEV navigation. Charging times, extra hours, and the total operating time for each CO 2 emissions reduction level as a result of the OSNMs of the HEV are also shown in Table IV . The difference between the total charging time and extra hours is 1.8 hours, which represents the total delay time due to the traffic density variation present on each urban road ki during operation of the HEV. This delay represents the sum of all time delays obtained in each urban road ki traveled during the HEV navigation. In addition, this delay time for each urban road ki is a consequence of the average speed variation, constraint (10) , that presents a maximum limit calculated as a result of the algorithm proposed in Fig. 3 . For most emissions levels, charging points 51 and 27 are frequently visited by the HEV. Hence, the location of charging point 27 which is nearest to the warehouse (see Fig. 1 ) ensures that the HEV battery has energy available (near to its energy storage capacity, K E ) for future operation strategies. Table V shows fuel consumption and fuel consumption costs for the best operating strategy of the HEV with and without the OSNMs considering the level of CO 2 emissions reduction. The term "Without OSNMs" refers to the condition in which an HEV only navigates consuming fuel (i.e., SM mode). Moreover, fuel consumption values and their costs in HEV operation for both cases with and without OSNMs are related to the number of kilometers traveled, which are represented by red-dashed and black-dashed lines, respectively as shown in Figs. 7 (a) -(e). For an operating period of one day, HEV navigation without considering OSNMs generates a fuel consumption of 3.89 L. In the case of considering the OSNMs, the fuel consumption of the HEV is reduced by 0.39 L for each level of CO 2 emissions reduction. Thus, for a sustainable scenario a reduction in fuel consumption generates a significant savings of $7.07 for the highest emissions reduction during the best operating strategy of the HEV.
Table VI presents the distances traveled by the HEV in SM and the corresponding emissions at different levels of ρ C for the best operating strategy. These distances are far from 278 km, which is the best operating strategy obtained by the proposed model. From this table, the average amount of emissions is 6227.84 gCO 2 , while if the HEV travels all the distance on fuel, the total emission is 8896.00 gCO 2 . On the other hand, the average emissions level of a new traditional car sold in 2016 is 118.1 grams of CO 2 per kilometer (gCO 2 /km) [44] , [45] . Therefore, considering the same distance, the emissions are 32831.8 gCO 2 . This value represents the total emissions of a new car sold in 2016 in Europe without a smart management system. It can be seen that 32831.8 gCO 2 compared to the average emissions obtained by our model under OSNMs, 6227.84 gCO 2 , is a very high value. Therefore, this simple comparison shows the effectiveness of the proposed onboard management system.
V. CONCLUSIONS
This paper has proposed an MILP model to find the OSNMs (SM and DM) of an HEV as part of the operating strategy. The OSNMs are related to the operating strategy, which is composed of a reduction of CO 2 emissions levels, efficient battery recharges, and optimal scheduling of deliveries. The proposed model considers a set of operational and environmental constraints related to the scheduling of deliveries, average speed variation, battery capacity, charging and discharging rates, distances traveled in SM and DM, and CO 2 reduction levels. The probability values associated with the LOS are used to represent this variation during navigation of the HEV. A city map with 71 intersections and 131 urban roads, main and secondary, was used and, for each level of CO 2 emissions reduction, the OSNMs of the HEV were obtained at a minimum operational cost. The proposed model is useful for analyzing and improving the automation of HEV navigation systems, enabling companies to identify economic and sustainable alternatives in the implementation of hybrid transportation technology in various service areas, thereby ensuring less dependency on fossil fuels and encouraging the use of clean alternative sources.
Future work will consider applicable mechanisms to prevent unwanted congestion in roads.
